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The boundary layer flow induced by stretching sheet has been
a topic of great interest among many researchers for the last
couple of decades because of its potential application in differ-
ent engineering, including extrusion of polymer, in chemical
engineering, metallurgy and biomedical engineering. Literature
survey reveals that it has important application in manufactur-
ing of surgical equipment. Particularly, such flow occurs in
aerodynamics, expansion of balloons, drawing of plastic films
and many more. In his ground breaking work Sakiadis [1]
introduced the boundary layer flow over a stretching surface,and he derived the boundary layer equations for two dimen-
sional axisymmetric flow as well. Wang [2] investigated the
three dimensional flow due to a stretching surface and that
due to a stretching in a rotating fluid [3]. Lin and Lin [4]
reported similarity transformations and numerical solutions
for the problem of steady three dimensional free convection
flow over wedge for any Prandtl number. Furthermore, Kue
[5] analyzed the wedge flow using differential transform
method and Watanabe [6], Fang and Zhang [7] included uni-
form suction/injection with heat transfer over stretching wall.
For an extensive study on heat transfer with different convec-
tion phenomena we kindly refer to [8–10].
A class of flow problem with relevance to polymer extru-
sion is the flow caused by the unsteady stretching sheet. The
final outcome directly depends on stretching rate and the rate
of cooling; therefore, choice of cooling liquid is very important
as it has a direct relation on stretching rate and the rate ofa Eng. J.
2 A. Shahzad et al.cooling, otherwise sudden stretching may disturb the behavior
of final product. Aziz [11] provided analytic similarity solution
for flow over a flat plat convective surface. Makinde and Aziz
[12] further investigated similar flow phenomena over a vertical
stretching sheet. Shahzad and Ali [13,14] provided an approx-
imate analytic solution of non-Newtonian fluid over a vertical
stretching sheet. Yao et al. [15] investigated heat transfer over
a generalized stretching surface in the presence of surface con-
vection. Bachok et al. [16] investigated the boundary layer flow
and heat transfer over an unsteady vertical stretching surface.
The numerical results reveal that the momentum boundary
layer thickness decreased with an increase in unsteadiness
parameter. However, an increase in the unsteadiness parame-
ter increased the skin friction coefficient.
State-of-the-art literature is available on flow problem
using different analytic and numerical schemes. Sheikholeslami
et al. [17,18] developed Adomian decomposition method for
flow problems with various physical effects. They further stud-
ied viscous fluid in the presence of magnetic field using optimal
homotopy asymptotic method [19,20]. The homotopy pertur-
bation method and HAM are used to study the condensation
film on inclined rotating disk and flow between parallel plates
[21,22]. Sheikholeslami and Ganji [23] provided an efficient
DTM for heat transfer between parallel plates with Brownian
effects.
It is evident from literature survey that a very few works
available on axisymmetric flow over a radially stretching sheet.
Ali et al. [24] discussed the analytic and numerical solutions
for axisymmetric flow with partial slip when the stretching
velocity is nonlinear. Shahzad et al. [25] provided an exact
solution for axisymmetric flow over a nonlinear radially
stretching surface. A literature review reveals that not a single
attempt has so far been communicated regarding boundary
layer flow and heat transfer over an unsteady radially stretch-
ing surface.
In more practical applications steady radially stretching
surface is not enough for understanding of complex phenom-
ena. Thus, the current work aims to investigate the boundary
layer flow and heat transfer of viscous fluid over an unsteady
radially stretching surface. Appropriate similarity transforma-
tions are forwarded to reduce the governing partial differential
equations into system of ordinary differential equations
(ODEs). The analytic solution of the transformed system of
nonlinear ODEs is computed by using homotopy analysis
method (HAM). HAM transformed the nonlinear differential
equations into system of linear differential equations using
some appropriate initial guesses and auxiliary linear operators.
Details can be found in [24–27]. For validation of the con-
structed series solution, a numerical scheme is developed with
the help of shooting method. Furthermore, a solid comparison
between the analytic and numeric solution is provided.
The article is organized in the following way: In Section 2
we will model the physical problem, and here we will start from
the modeled partial differential equations. We will skip the
details regarding modeling of the PDEs keeping in mind the
length of the article. In the same section we will transform
PDEs into ODEs using appropriate similarity transformation.
Section 3 is completely devoted to develop the HAM solution,
including zero-th and m-th order deformation. In Section 3.1.1
convergence of the series solution will address and in Section 4
the numerical results will be discussed and finally the conclud-
ing remarks are in Section 5.Please cite this article in press as: A. Shahzad et al., Unsteady axisymmetric flow and
(2016), http://dx.doi.org/10.1016/j.aej.2016.08.0302. Mathematical formulation
The equations that govern the incompressible flow and heat
transfer are the continuity, momentum and energy equations.
In the absence of body forces, they are as follows:
div V ¼ 0; ð1Þ
q
dV
dt
¼ $  T; ð2Þ
q
de
dt
¼ T  L div q; ð3Þ
where V is the velocity vector, q is density of the fluid,
T ¼ pIþ lA1 is the Cauchy stress tensor, p is the pressure,
I is the identity tensor and A1 is the first Rivlin-Ericksen tensor
and e ¼ cpT; cp being specific heat at constant pressure, T tem-
perature, q ¼ k$T heat flux and k the thermal conductivity
of the fluid.
Let us consider the unsteady axisymmetric flow and heat
transfer of an incompressible viscous fluid over a time-
dependent radially stretching surface shown in Fig. 1. The flow
occurs due to the unsteady stretching of the surface in radial
direction with velocity Uw ¼ ar1ct. We assume surface tempera-
ture of the form Tw ¼ T1 þ br1ct, where T1 is the temperature
of ambient fluid with Tw > T1, where a; b and c are constants
with a > 0; bP 0 and cP 0 (with ct < 1), and both a and c
have dimension time1. In this investigation velocity and tem-
perature fields take the following forms
V ¼ ½ðuðr; z; tÞ; 0;wðr; z; tÞÞ; T ¼ Tðr; z; tÞ: ð4Þ
By invoking Eq. (4) in governing Eqs. (1)–(3) and
using the boundary layer approximation we get the
following:
@u
@r
þ u
r
þ @w
@z
¼ 0; ð5Þ
@u
@t
þ u @u
@r
þ w @u
@z
¼ m @
2u
@z2
 
; ð6Þ
@T
@t
þ u @T
@r
þ w @T
@z
¼ k
qcp
@2T
@z2
 
: ð7Þ
The corresponding boundary conditions are as follows:
u ¼ Uw ¼ ar
1 ct ; w ¼W0;
T ¼ Tw ¼ T1 þ br
1 ct at z ¼ 0; ð8Þ
u! 0; T! T1 as z!1: ð9Þ
Here m is kinematic viscosity andW0 ¼ 2 mUwr
 1=2
S denotes
the mass transfer at the surface with W0 > 0 for injection and
W0 < 0 for suction. In order to dimensionless Eqs. (5)–(9), we
introduced the following transformations
Wðr; zÞ ¼ r2UwRe12 fðgÞ and g ¼ z
r
Re
1
2; and
T ¼ T T1
Tw  T1 ; ð10Þheat transfer over time-dependent radially stretching sheet, Alexandria Eng. J.
Figure 1 Schematic diagram of the problem.
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u ¼ 1
r
@W
@z
and w ¼ 1
r
@W
@r
;Uw the stretching velocity. One can
easily compute the r and z-components of the velocity as
follows:
u ¼ Uwf0ðgÞ; and w ¼ 2UwRe1=2fðgÞ; ð11Þ
where Re ¼ rUwm is the local Reynolds number. After using sim-
ilarity transformation, we obtained the transformed dimen-
sionless momentum and heat equations from Eqs. (6) and (7)
in the following form:
d3f
dg3
þ 2f d
2f
dg2
 df
dg
 2
 A df
dg
þ 1
2
g
d2f
dg2
 
¼ 0; ð12Þ
1
Pr
d2h
dg2
þ 2f dh
dg
 df
dg
h A hþ 1
2
g
dh
dg
 
¼ 0; ð13Þ
the boundary conditions given in Eqs. (8) and (9) are trans-
formed into the following equations:
fðgÞ ¼ S; f0ðgÞ ¼ 1 and hðgÞ ¼ 1 at g ¼ 0; ð14Þ
f0ðgÞ ¼ 0 and hðgÞ ¼ 0 as g!1; ð15Þ
where Pr ¼ lcqk the Prandtl number, A ¼ a=c is the unsteadiness
parameter and S is the mass transfer with S > 0 for mass suc-
tion and S < 0 for mass injection. The physical quantities of
our interest are the skin coefficient Cf and the local Nusselt
number Nu defined asCf ¼ sw1
2
qU2
and Nu ¼ rqw
kðTw  T1Þ ; ð16Þ
where the wall shear stress sw and the wall heat flux qw aresw ¼ l@u
@z

z¼0
and qw ¼ k
@T
@z
 
z¼0
: ð17Þ
In terms of dimensionless variables defined in Eqs. (10) and
(11) these quantities become the following:
1
2
Re1=2Cf ¼ f00ð0Þ and Re1=2Nu ¼ h0ð0Þ: ð18ÞPlease cite this article in press as: A. Shahzad et al., Unsteady axisymmetric flow and
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3.1. Analytic solution
To construct an analytic solution of Eqs. (12) and (13) includ-
ing the boundary conditions (14) and (15) via the homotopy
analysis method (HAM); first of all we choose initial guesses
for momentum and heat equation as follows:
f0ðgÞ ¼ Sþ 1 expðgÞ; ð19Þ
h0ðgÞ ¼ expðgÞ; ð20Þ
and select the linear operators as follows:
£fð/Þ ¼ d
3/
dg3
 d/
dg
; ð21Þ
£hð/Þ ¼ d
2/
dg2
 d/
dg
: ð22Þ
From Eqs. (12) and (13) the nonlinear operators Nf and Nh w.
r.t. dimensionless momentum and heat equations, respectively
are defined as follows:
Nf½bfðg; qÞ ¼ @3bfðg; qÞ
@g3
þ 2bfðg; qÞ @2bfðg; qÞ
@g2
 @
bfðg; qÞ
@g
 @
bfðg; qÞ
@g
 A @
bfðg; qÞ
@g
þ 1
2
g
@2bfðg; qÞ
@g2
 !
: ð23Þ
Nh½bhðg; qÞ ¼ 1
Pr
@2bhðg; qÞ
@g2
þ 2bfðg; qÞ @bhðg; qÞ
@g
 @
bfðg; qÞ
@g
bhðg; qÞ
 A bhðg; qÞ þ 1
2
g
@bfðg; qÞ
@g
 !
: ð24Þ
By letting hf and hh as nonzero converges control parameters
the zero-order deformation problems are constructed as
ð1 qÞ½bfðg; qÞ  f0ðgÞ ¼ qhfNf½bfðg; qÞ; ð25Þ
ð1 qÞ½bhðg; qÞ  h0ðgÞ ¼ qhhNh½bhðg; qÞ; ð26Þheat transfer over time-dependent radially stretching sheet, Alexandria Eng. J.
Figure 2 The hf validity curve for various values of f0 when
A ¼ S ¼ 1=2; Pr ¼ 1:0 is fixed.
4 A. Shahzad et al.bfð0; qÞ ¼ S; bf 0ð0; qÞ ¼ 1 and bhð0; qÞ ¼ 1; ð27Þ
bf0ð1; qÞ ¼ 0 and bhð1; qÞ ¼ 0; ð28Þ
where q 2 ½0; 1 is an embedding parameter. For q ¼ 0 and
q ¼ 1, one hasbfðg; 0Þ ¼ f0ðgÞ and bfðg; 1Þ ¼ fðgÞ; ð29Þ
bhðg; 0Þ ¼ h0ðgÞ and bhðg; 1Þ ¼ hðgÞ: ð30Þ
As q varies from zero to unity, the solutions bfðg; qÞ and bhðg; qÞ
through the initial guesses f0ðgÞ and h0ðgÞ approach fðgÞ and
hðgÞ. By Taylor’s series expansion:
bfðg; qÞ ¼ bfðg; 0Þ þX1
m¼1
fmðgÞqm and bhðg; qÞ
¼ bhðg; 0Þ þX1
m¼1
hmðgÞqm; ð31Þ
where
fmðgÞ ¼
1
m!
@mbfðg; qÞ
@qm

q¼0
and hmðgÞ ¼ 1
m!
@mbhðg; qÞ
@qm

q¼0
: ð32Þ
The convergence of the above series depends upon hf and hh. If
the value of hf and hh is properly chosen so that the series is
convergent at q ¼ 1. Then thus we have
fðgÞ ¼ f0ðgÞ þ
X1
m¼1
fmðgÞ; ð33Þ
hðgÞ ¼ h0ðgÞ þ
X1
m¼1
hmðgÞ: ð34Þ
The mth-order deformation is defined as
£f½fmðgÞ þ vmfm1ðgÞ ¼ hfR1ðgÞ; ð35Þ
£h½hmðgÞ þ vmhm1ðgÞ ¼ hhR2ðgÞ; ð36Þ
fmð0Þ ¼ f0mð0Þ ¼ hmð0Þ ¼ 0; ð37Þ
f0mð1Þ ¼ 0 ¼ hmð1Þ; ð38Þ
where
R1ðgÞ ¼ f000m1  2
Xm1
k¼0
fm1kf
0
k þ
nþ 3
2
Xm1
k¼0
fm1kf
00
k
 A f0m1 þ
1
2
gf00m1
 
; ð39Þ
R2ðgÞ ¼ h00m1 þ 2
Xm1
k¼0
fm1kh
0
k 
Xm1
k¼0
f0m1khk
 A hm1 þ 1
2
gh0m1
 
ð40Þ
and
vm ¼
0 ; if m > 1;
1 ; if m 6 1;

ð41Þ
The non-homogeneous Eqs. (35) and (36) together with
boundary conditions (37) and (38) are solved by using MATH-
EMATICA in the order m ¼ 1; 2; 3; . . . .Please cite this article in press as: A. Shahzad et al., Unsteady axisymmetric flow and
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Note that the series solutions (25) and (26) contain the auxil-
iary parameters hf and hh which provide an adequate way to
adjust and control the convergence of the series solution. It
is very important to choose appropriate values of hf and hh
which ensure the convergence of the series solutions. The opti-
mal values of the convergence control parameters hf and hh is
calculated by minimizing the discrete square residual error
[26,27]
Ef;m ¼ 1
Nþ 1
XN
j¼0
Nf
Xm
i¼0
Fjði4 xÞ
 !" #
; ð42ÞEh;m ¼ 1
Nþ 1
XN
j¼0
Nh
Xm
i¼0
hjði4 xÞ
 !" #
: ð43Þ
The optimal range of convergence control parameters for
velocity and heat equations 1:5 6 hf 6 0:4 and
1:5 6 hh 6 0:4 are calculated through Figs. 2 and 3,
respectively.3.2. Numerical solution
Numerical solution of the Eqs. (12) and (13) together with the
boundary conditions given in Eqs. (14) and (15) is computed
by using shooting method. For this first we convert the bound-
ary value problem into a set of initial value problem by letting
df
dg
¼ y2;
d2f
dg2
¼ y3;
dy3
dg
¼ A y2 þ
1
2
gy3
 
þ y22  2fy3;
dh
dg
¼ y5;
dy5
dg
¼ Pr A hþ 1
2
gy5
 
þ y2h 2fy5
 	
; ð44Þfð0Þ ¼ S; y2ð0Þ ¼ 1; y2ð1Þ ¼ 0; hð0Þ ¼ 1; hð1Þ ¼ 0:
ð45Þ
Then, the converted ordinary differential equations are solved
by using the shooting method together with Runge-Kutta
method for a known value of S.heat transfer over time-dependent radially stretching sheet, Alexandria Eng. J.
Figure 3 The hh validity curve for various values of f0 when
A ¼ S ¼ 1=2 and Pr ¼ 1:0 are fixed.
Figure 5 The effects of suction S > 0 on velocity profile f0ðgÞ
when A ¼ 1=2 is fixed.
Figure 6 The effects of injection S < 0 on velocity profile f0ðgÞ
when A ¼ 1=2 is fixed.
Unsteady axisymmetric flow and heat transfer over time-dependent radially stretching sheet 54. Results and discussion
The transformed system of governing ordinary differential
Eqs. (12) and (13) subject to the boundary conditions (14)
and (15) has been solved numerically shooting method and
analytically via HAM. The graphical results are given to carry
out a parametric study showing influences of the non-
dimensional pertinent parameters on the velocity field and
temperature profiles.
The effects of unsteadiness parameter A, suction S > 0 and
injection S < 0 parameters on velocity profile f0ðgÞ are dis-
played in Figs. 4–6, respectively. The Fig. 4 depicts that an
increase in the unsteadiness parameter A will effectively
decrease the velocity as well as the boundary layer thickness.
Moreover, it is noted that if we increase in the suction param-
eter ðS > 0Þ consequently the velocity and the boundary layer
thickness will decrease. Fig. 6 shows the effects of injection
ðS < 0Þ on velocity profile f0ðgÞ. As expected the injection
parameter is assumed to enhance the velocity field. From
graphical representation it is observed that the velocity and
the boundary layer thickness increase with the increase in the
injection.
The effects of the unsteadiness parameter A, Prandtl num-
ber Pr and suction/injection parameter S on the temperature
profile hðgÞ are shown in Figs. 7–10, respectively. From theFigure 4 The effects of unsteadiness parameter A on velocity
profile f0ðgÞ when S ¼ 1=2 is fixed.
Please cite this article in press as: A. Shahzad et al., Unsteady axisymmetric flow and
(2016), http://dx.doi.org/10.1016/j.aej.2016.08.030Fig. 7, one can see that an increase in the unsteadiness param-
eter A results in a decrease in the temperature profile. The
effects of Prandtl number Pr are shown in Fig. 8. The temper-
ature profile decreases with the increase in Prandtl number Pr
because with an increase in Pr number thermal diffusivity
decreases. The influence of the suction/injection parameters S
on the temperature field is shown in Figs. 9 and 10, respec-
tively. From Figs. 9 and 10 it is noticed that the influence ofFigure 7 The effects of unsteadiness A on the dimensionless
temperature hðgÞ when S ¼ 1=2 and Pr ¼ 1 are fixed.
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Figure 8 The effects of Prandtl number Pr on the dimensionless
temperature hðgÞ when A ¼ 1=2 and Pr ¼ 1 are fixed.
Figure 9 The effects of suction S > 0 on the dimensionless
temperature hðgÞ when A ¼ 1=2 and Pr ¼ 1 are fixed.
Figure 10 The effects of injection S < 0 on the dimensionless
temperature hðgÞ when A ¼ 1=2 and Pr ¼ 1 are fixed.
Figure 11 Comparison of the numerical solution (dotted line)
and HAM solution (straight line) for velocity profile.
Figure 12 Comparison of the numerical solution (dotted line)
and HAM solution (straight line) for temperature profile.
Table 1 The effects of pertinent parameters on dimensionless
shear stress and local heat transfer at the surface.
A S Pr f00ð0Þ h0ð0Þ
0.5 1 1 0.620400 0.620400
0.5 0.887200 0.887200
0 1.308999 1.308999
0.5 1.907999 1.907999
1 2.655999 2.655999
0 0.5 1 1.798999 1.798999
0.5 1.907999 1.907999
1 2.016999 2.016999
0.5 0.5 0.5 1.907999 1.119999
0.7 1.907999 1.450000
1 1.907999 1.907999
6 A. Shahzad et al.the suction/injection parameter S on the temperature profile is
qualitatively similar to that of the velocity field.
Fig. 11 is drawn to show comparison of the numerical solu-
tion and HAM solution for velocity profile. Where dots are
showing the numerical solution, the analytic counterpart is
shown through straight lines. The solution profiles of both
schemes are in an excellent agreement for velocity profiles.
Similarly, Fig. 12 shows comparison of numerical solution
and analytic series solution for the temperature profile. AsPlease cite this article in press as: A. Shahzad et al., Unsteady axisymmetric flow and
(2016), http://dx.doi.org/10.1016/j.aej.2016.08.030expected the solution profiles of the both schemes are in good
agreement. The quantities f00ð0Þ and h0ð0Þ are the measures of
the local skin friction coefficient and heat transfer rate at the
surface, respectively. The values of these quantities are
recorded in Table 1 for different values of the governing
parameters. We observe that the magnitude of the skin friction
coefficient increases as A;Pr and S increase. Further, it can beheat transfer over time-dependent radially stretching sheet, Alexandria Eng. J.
Unsteady axisymmetric flow and heat transfer over time-dependent radially stretching sheet 7seen from Table 1 that the effects of the increasing values of
A;Pr and S are to increase heat transfer rate at the surface.5. Concluding remarks
In this article, we have studied the unsteady axisymmetric flow
of viscous fluid over time-dependent radially stretching sur-
face. An appropriate similarity transformation was used to
reduce the governing nonlinear partial differential equations
into a system of ordinary differential equations. These systems
of equations are solved analytically and numerically for the
velocity and temperature distributions for different values of
the pertinent parameters. The developed series solutions are
obtained using the homotopy analysis method and the numer-
ical scheme is constructed using shooting algorithm. A table
containing numerical data showing the effects of various phys-
ical parameters on the skin friction coefficient and local Nus-
selt number (wall heat transfer rate) were also provided. Our
result reveals that unsteadiness parameter A and suction/injec-
tion S have significant effects on the velocity and temperature
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